Let G be a graph with n vertices and e ≥ 4n edges, drawn in the plane in such a way that if two or more edges (arcs) share an interior point p, then they must properly cross one another at p. It is shown that the number of crossing points, counted without multiplicity, is at least constant times e and that the order of magnitude of this bound cannot be improved. If, in addition, two edges are allowed to cross only at most once, then the number of crossing points must exceed constant times (e/n) 4 .
INTRODUCTION
Given a graph G with no loops or multiple edges, the crossing number of G, denoted by cr(G), is the minimum number of edge crossings over all proper drawings of G in the plane. A drawing is proper if the vertices and edges of G are represented by points and simple Jordan-arcs such that no arc representing an edge passes through a point representing a vertex other than its endpoints. Here we count a k-fold crossing k 2 ¡ times (or, equivalently, no three edges can pass through the same point). We also assume that between the arcs no tangencies are allowed. See [8] Let cr(G) denote the degenerate crossing number of G, that is, the minimum number of crossing points over all drawings of G, where k-fold crossings are also allowed. Of course, we have cr(G) ≤ cr(G), and the two crossing numbers are not necessarily equal. For example, Kleitman [2] proved that the crossing number of the complete bipartite graph K5,5 with five vertices in its classes is 16. On the other hand, the degenerate crossing number of K5,5 in the plane is at most 15. Another example is depicted in Figure 1 . Let n = n(G) and e = e(G) denote the number of vertices and the number of edges of a graph G. Ajtai, Chvátal, Newborn, Szemerédi [1] and, independently, Leighton [3] proved that
for every graph G with e(G) ≥ 4n(G). This statement, which has many interesting applications in combinatorial geometry, easily generalizes to crossing numbers of graphs drawn on any fixed surface S (see [6] ).
In the present note we investigate whether the above inequality remains true for the degenerate crossing number of G. First, we show that the answer is "no" if we permit drawings in which two edges may cross an arbitrary number of times. 
Theorem 1. For any graph G with n(G) vertices and e(G)
for any graph G with e(G) ≥ 4n(G).
On the other hand, the second statement of Theorem 1 (Lemma 2.2) shows that the degenerate crossing number of very "sparse" graphs is also at least Ω(e 3 /n 2 ). If it causes no confusion, in notation and terminology we make no distinction between the graph G and its drawing, and between a vertex (edge) and the point (arc) representing it.
PROPER DRAWINGS WITH FEW CROSSINGS
In this section, we prove Theorem 1.
. . , π(e)) be a permutation of the first e positive integers, and let 1 ≤ i < j ≤ e. Reversing the order of the elements between π(i) and π(j), we obtain another permutation
. , π(e)) .
Such an operation is called a swap.
Lemma 2.1. Any permutation of e numbers can be obtained from any other permutation by performing at most e − 1 swaps.
Proof. The proof is by induction on e. For e = 1, the statement is trivial. Suppose that the lemma has been verified for permutations of fewer than e numbers. Let σ = (σ(1), σ(2), . . . , σ(e)) and π = (π(1), π(2), . . . , π(e)) be two permutations of size e. For some j, we have π(j) = σ(e). To obtain σ from π, we first swap the interval (π(j), . . . , π(e)) of π. The last element of the resulting permutation (π(1), π (2), . . . , π(j − 1), π(e), π(e − 1), . . . , π(j)) is now the same as the last element of the target permutation σ. Proceeding by induction, we can attain using at most e − 2 further swaps that all elements coincide. 2 Proof of Theorem 1. Let G be a graph with e edges and n vertices, v1, v2, . . . , vn. Arbitrarily orient every edge of G. For 1 ≤ i ≤ n, place vi at the point (0, i) on the y-axis. Each edge will be drawn as a continuous arc running close to a huge circle centered at a faraway point of the positive y-axis, so that its initial and final portions are almost horizontal segments, oriented from left to right, that belong to the halfplanes x ≥ 0 and x ≤ 0, respectively. (See Figure 2. ) More precisely, for each edge − − → vivj , draw a short almost horizontal initial segment from vi pointing to the right and a short almost horizontal final segment pointing to vj from the left. Suppose that all these segments have different slopes. From bottom to top, enumerate the initial segments by 1, 2, . . . , e, and assign the same numbers to the final segments of the corresponding edges, lying in the negative half-plane x ≤ 0. The indices of these final segments (from bottom to top) form a permutation σ = (σ(1), σ(2), . . . , σ(e)). We have to connect the right endpoint of each initial segment to the left endpoint of the final segment denoted by the same number. These connecting arcs will run parallel to one another, roughly along huge concentric circles, except that at certain points several arcs will cross. By Lemma 2.1, σ can be obtained from 1, 2, . . . , e by a sequence of at most e−1 swaps. We can "realize" each swap as a crossing of the corresponding arcs at a single point. The participating arcs leave the crossing in reverse order. Thus, introducing at most e − 1 crossings, we can achieve that the order of the connecting arcs is identical to the order in which their final segments must reach the y-axis (from the left).
It follows from Lemma 2.2 (see below) that any proper drawing of G has at least 
Lemma 2.2. Let G be a graph with n(G) vertices and e(G) edges, Then we have
Proof. Fix an optimal proper drawing of G in the plane. i.e., a drawing for which the number of crossings is cr(G 
This inequality becomes an equation, if we have a two-cell embedding, that is, if the interior of each face is homeomorphic to a disc. For details, see [4] . Taking into account that 3f (G) ≤ 2e(G), we obtain
as required. 2
SIMPLE DRAWINGS-PROOF OF THEOREM 2 Lemma 3.1. Let G be a graph with n vertices and e edges, and suppose that the crossing number of G satisfies cr(G) > 10 3 e(G)n(G). Then for the degenerate crossing number of G we have
Proof. Consider a simple drawing of G with cr * (G) crossing points. Let M := 40 2 e 2 /cr(G). For any crossing (point) p, let m(p) denote the multiplicity of p, that is, the number of edges passing through p. Let S denote the set of crossings of multiplicity at most M . For any integer i ≥ 0, let Si be the set of crossing points p with
It follows from the generalization of the Szemerédi-Trotter theorem [10] , [9] for bounding the number of incidences between a set of points and a set of pseudo-segments that the number of crossings of multiplicity at least k is at most 100 
¡

< k
2 /2 to this number. Therefore, the total contribution of the points in Si is at most 100 e
Adding up, we obtain that the contribution of all crossings of multiplicity larger than M to the number of crossing pairs of edges is at most
Therefore, at least half of the edge crossings occur at points of multiplicity at most M , that is, at a point belonging to S. Each of these points contributes to the crossing number at most
The bisection width, b(G), of a graph G is defined as the minimum number of edges whose removal splits the graph into two roughly equal subgraphs. More precisely, b(G) is the minimum number of edges running between V1 and V2, over all partitions of the vertex set of G into two parts V1∪V2 such that |V1|, |V2| ≥ n(G)/3. We need the following result.
Lemma 3.2. [5]
Let G be a graph of n vertices and e edges. Then we have
For the proof of Theorem 2, we pick a nested sequence of subgraphs G = G0 ⊃ G1 ⊃ G2 ⊃ . . ., according to the following procedure.
Step 0. Set G0 := G, n0 := n(G) = n, e0 := e(G) = e, and cr0 =: cr(G).
Suppose that we have already executed
Step i. Denote the resulting graph by Gi, let by ni = n(Gi), ei = e(Gi), cri = cr(Gi), and assume that (1/3) i n ≤ ni ≤ (2/3) i n.
Step i + 1. If
Else, delete b(Gi) edges from Gi such that Gi falls into two parts, both having at most (2/3)ni vertices. Let G i be the resulting (disconnected) graph. Let Gi+1 be the part in which the average degree of the vertices is at least as high as in the other.
Suppose that the algorithm terminates in
Step I + 1.
Lemma 3.3. Suppose that e(G) > n
12 (e/n) 2 , we have
Proof. We prove the statement by induction on i. Obviously, it is true for i = 0. Let 1 ≤ i ≤ I, and suppose that the lemma has been proved for all j < i. Since the procedure did not stop at an earlier stage, we have Using the fact that the average degree in Gj+1 is at least as much as in G j and that i ≤ 2 log 2 n, we have
10(e/n) , so that nj+1 < ej+1 · (2n/e) < 4 ·
10
12 (e/n) 2 (2n/e) = 8 · 10 12 (e/n). 
